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Abstract 

In 1993 E. I. Zelmanov asked the following question in Dniester Notebook: 
"Suppose that -F2,m is a 2-generated associative ring with the identity x™' = 0. Is 

it true, that the nilpotency degree of -F2,m has exponential growth?" 

We show that the nilpotency degree of /-generated associative algebra with the 

identity x'^ = is smaller than "^{d,d,l), where 

^{n,d,l) = 2i«/(n(i)3l°g3M)+i3^2_ 

We give the definitive answer to E. I. Zelmanov by this result. It is the consequence 
of one fact, which is based on combinatorics of words. Let I, n w d ^ n he positive 
integers. Then all the words over alphabet of cardinality I which length is greater 
than ^{n, d, I) are either n-divided or contain d-th power of subword, where a word 
W is n-divided, if it can be represented in the following form W = WqWi ■ ■ ■ Wn 
such that Wi -< W2 -<■■■< Wn- The symbol -< means lexicographical order 
here. A. I. Shirshov proved that the set of non n-divided words over alphabet of 
cardinality I has bounded height h over the set Y consisting of all the words of degree 
^ n — 1. Original Shirshov's estimation was just recursive, in 1982 double exponent 
was obtained by A. G. Kolotov and in 1993 A. Ya. Belov obtained exponential 
estimation. We show, that h < <I>(n,/), where 

$(n,/) = 287/.ni2i°S3n+48_ 
Our proof uses Latyshev idea of Dilworth theorem application. 



B 1993 ropy E. H. SejibManoB nocTasHji cjie/];yiom;HH Bonpoc b ^HecTpoBCKoii 
"IlycTb -F2,m ~ CBo6o/i,Hoe 2-nopojKfleHHoe accoii;HaTHBHoe KOJibu,o c to^kacctbom 

x"^ = 0. BepHO JIH, HTO KJiaCC HHJItnOTeHTHOCTH KOJIE.LI,a -F2,m paCTBT 3KCnOHeHU;HajIi>HO 

no m?" 
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B flaHHoii paSoTe noKasano, hto b Z-nopojK^eHHOH accoii,HaTHBHOH ajire6pe c 
TOJK^ecTBOM x*^ = Kjiacc HHjibnoTeHTHOCTH MeHbHie, HeM "^{(1,(1,1), rp^e 

TeM caMbiM nojiynen oKOHHaTejibHtili oTBeT na Bonpoc E. H. SejibManoBa. ^aHHbiii 
pesyjibTaT SBjiaeTca cjie^cTBHeM cjie/^yromero cJiaKTa, OTHOcamerocH k KOM6HHaTopHKe 
cjioB. IlycTb I, n n d ^ n - neKOTopbie HaTypajibHbie HHCjia. Tor/ia Bce cjiosa na/; l- 
6yKBeHHbiM ajicJjaBHTOM fljiHHbi He MeHbine, hbm ^(n, d, I), jih6o co/iepjKaT x'^, jih5o 
HBJiHK)TCH n-pa36HBaeMbiMH, r/[e cjiobo W nasbiBaeTca n-pa36ueaeMUM, ecjiH ero 
MOJKHo npeflCTaBHTb B BH^e W = WqWi ■ ■ ■ Wn, Tp^e no;];cjioBa Wi, . . . , Wn H/i,yT b 
nopaflKe jieKCHKorpacJjHHecKoro y6biBaHHH. 

Ha He n-pa36HBaeMbix cjiob coctoht 6a3HC ajire6pbi c TOJKflecTBOM CTenenH n. 
A. M. ninpnioB noKasaji, hto mhojkbctbo cjiob, ne HBjiaiomiixcH n-pasGHBaeMbiMH, 
Ha^ aji4)aBHTOM h3 I 6yKB HMeeT orpaHHHeHHyio BbicoTy h na^ Y - MHOJKecTBOM 
CJIOB CTeneHH He Bbime n — 1. HsHanajibHaH oii;eHKa HHCJia h y IIlHpmoBa HOCHjia 
peKypcHBHbiii xapaKTep, b 1982 A. F. Kojiotob rofly HOJiyniiji flBoiiHyio SKcnoneHTy, 
a B 1993 roffy A. 51. BejioB nojiynmi 3KcnoHeHii;iiajibHyio oi^eHKy. Mbi noKasbiBaeM, 
HTo h < $(n, I), r^e 

^OKaaaTejibCTBO HcnojibsyeT npisK) B. H. JlaTbimeBa, CBHsaHHyio c npHMeneHiieM 
TeopeMbi ^Hjiyopca k Hccjie^oBaHHio He n-pasGnBaeMbix cjiob. 

Keywords: Height theorem, combinatorics on words, n-divisibihty, Dilworth theo- 
rem, Burnside type problems. 

KjironeBfaie cjiOBa:TeopeMa ninpinoBao Bbicoxe, KOMGnHaTopHKa cjiob, n-pasGHBaeMbifl, 
TeopeMbi /^Hjiyopca, npoGjicMbi BepHcaiiflOBCKoro THna. 

1 BBe/],eHHe 

1.1 TeopeMa IIlHpmoBa o BbicoTe 

B 1958 ro;i;y A. II. IIInpinoB ;i,oKa3aji cboio sHaMeHHxyio TeopeMy o Bticoxe ([1], [2]). 
Onpe/i,ejieHHe 1.1 HasoBeM cjiobo W n-pasGnBacMbiM, ecjiH W mo?kho npe^cTaBHTb b 

BH/I,e W = VU1U2 ■ ■ - Un Tax HTo6hI Ui >- U2 y ■ ■ ■ >- Un- 

B 3TOM cjiynae npn jiio6oii HeTOJK^ecTBeHHoii nepecxanoBKe a ho^cjiob Ui nojiynaeTca 

CJIOBO Wa = WMo-(l)Wo-(2) ' ' ' Wo-(n); JieKCHKOrpa(|)HHeCKH MeHbinee W. 3tO CBOilCTBO HCKOTOpBie 

aBTopti 6epyT 3a ocnoBy onpe^ejienna noHaxna n-pa36iiBaeMOCTH. 

Onpe^ejieHHe 1.2 HasoBeu Pl-ajire6py A ajire6poH orpanHHeHHofi bmcotbi Hty(A) 
na^ MHoacecTBOM cjiob Y = {ui, U2, ■ ■ ■}, ecjiH h - MHHHMajibHoe hhcjio xaKoe, hto jiio6oe 

CJIOBO X H3 A MOyKHO npCflCTaBHTb B BHfl^e 

i 

npHHCM {vi} orpaHHHeHhi hhcjiom h b coBOKynnocTH. Mhoxcctbo Y HasbiBaeTca 6a3HCOM 
ninprnoBa ^jiii A. 
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TeopeMa IIlHpmoBa o BMCOTe. ([T], [2]) Mnoofcecmeo ecex ne n-pasBueacMux 
CAoe 6 KOHCHHO uopocHcdeHHOu aAdcBpc c donycmuMUM noAUHOMuaAtHUM moofcdecmeoM 
UMeem ospaHUHeHHym eucomy H Had MHOotcecmeoM CAoe cmeneHU ne euiue n — 1. 

Ha TeopeML.1 o Bbicoxe BbiTeKaex pemeHHe ps^a npoGjieM xeopHH KOJien; (cm. HHace). 
HpoGjieMM BepHcaii^oBCKoro xana, CBHsaHHbie c xeopeMoli o Bbicoxe, paccMoxpenbi b 
oGsope [3j. O^HaKO, aBxopbi y6e>K^eHL.i, hxo xeopena IIlHpmoBa o bbicoxc aBjiaexca 

4)yHflaMeHXajIt.Ht.IM 4)aKXOM KOM6HHaXOpHKH CJIOB 6e30XHOCHXejIBHO npHJIOJKeHHH K PI- 

xeopHH. (Bee naniH ^oKasaxejitexBa sjieMenxapHbi h ne Bbixo^ax sa paMKH pa6oxL.i eo 
ejioBaMH.) K eojKajieHHio, enei];HajiHext.i no KOM6HHaxopHKe flaHHtiii 4)aKx ^ojijkhbim 
oGpasoM noKa ne oij,eHHjiH. Hxo xaeaexea eaMoro noHaxna n-pa36ueaeMocmu, xo oho 
xaKJKe npe;i,exaBji3exea cJ)yH;];aMeHxajiBHL>iM. On;eHKH, nojiynenHbie B. H. JIaxt.imeBt>iM 
Ha ^n{k) - KOJiHHeexBo He n-pasGnBaeMbix nojiHjiHHeflHbix cjiob ox k chmbojiob, npHBejiH 
K (|)yH^aMeHxajit.Ht.iM pesyjibxaxaM b PI-xeopHH. BMecxe c xeM, sxo KOJinnecxBo cyxt> 
He Hxo HHoe, KaK KOJinnecxBo paccxanoBOK HHceji ot 1 flp k xaKHx, hto HHKaKHe n h3 
HHX (ne oGaaaxejiBHO cxoan^He no^pa^) ne H^yx b nopa^Ke yGbiBaHHS. To tkb caMoe - 
nepeHHCJieHHe Bcex nepecxanoBOHHo ynopa^onenHbix MHoacecxB ^HaMexpa n. (MnojKecxBO 
HasBiBaexcH nepecmaHoeoHHO ynopfidoneHHUM, ecjiH ero nopa^oK ecxt> nepecenenHe flByx 
jiHHeHHbix nopa^KOB.) 

Hs 3XOH xeopeMBi BBixexaex nojio>KHxejit.Hoe pemeHHe npoGjieM BepHcafiflOBCKoro 
xHHa PI-ajire6p. B caMOM jiejie, nycxb b accon;HaxHBHOH ajire6pe na^i; nojieM BbiHOJinaexca 
HOJiHHOMHajiBHoe xojK^ecxBo f{xi, . . . ,Xn) = 0. MojKHo flOKasaxb, Hxo xor^a B Hen 

BblHOJIHHeXCa H flOHyCXHMOe HOJIHJIHHeHHOe XOJK^eCXBO (x.e. HOJIHHOMHajIBHOe XOJKfleCXBO, 

y Koxoporo xoxh 6t>i o^hh K03(|)(|)Hn;HeHX npn Hjienax Bbicmefi cxeneHH paBen eflHHHn;e): 



rjie npHHa;];jieJKax ocHOBHOMy nojiio. B sxom cjiynae, ecjiH W = vuiU2 ■ ■ ■ Un aBjiaexca 
ra-pasGHBaeMbiM, xo ^jih jiioGoh nepecxanoBKH a cjiobo = f Uo-(i)Uo-(2) ■ ■ ■ Mo-(n) JieKCHKorpa(|)HHecKH 
MeHBHie cjioBa W, x.e. n-pasGnBaeMoe cjiobo mojkho npe;];cxaBHXb b BH^e jiHHeHHott 
KOM6HHan;HH jieKCHKorpa(|)HHecKH MeHtmnx cjiob. Snannx, PI-ajire6pa hmccx GasHc hs ne 
n-pasGnBacMbix cjiob. B cHjiy xeopeMbi lUnpmoBa o bbicoxc, PI-ajire6pa hmccx orpaHnneHHyio 
Bbicoxy. KaK cjic^cxbhc hmccm, hxo ccjih b PI-ajire6pe BBinojiHHexcH xojk^ccxbo x"' = 0, 
TO 3xa ajire6pa - HHjit.noxeHXHa, x.e. Bce ee cjioBa fljiHHbi 6ojibme, hcm HCKoxopoe 
A^, xojK^ecxBeHHo paBHbi 0. OGsopti, nocB5im,eHHbie xeopene o bbicoxc, coflepjKaxca b 
pa6oxax jH El E] . 

Hs sxoii xeopcMbi Bbixexaex nojroJKHxejrbHoe pemeHHe npoGjiCMbi Kypoma, h ^pyrnx 
HpoGjicM GepHcafi^oBCKoro xnna jxjis PI-KOJien,. Be^b ecjiH Y - 6a3Hc IIlHpmoBa, h Bce 
3j[eMeHXbi H3 y - ajireGpaHHHbi, xo ajireGpa A KOHenHOMepna. Tcm caMbiM xeopeMa 
ninpmoBa fl^aeT hbhoc yKaaanne MHoacecxBa sjicMcnxoB, ajireGpannnocxb Koxopbix Be^ex 
K KOHeHHOMepHocxH BccH ajircGpbi. Hs 3XOH xeopcMbi BbixcKaex 

CjieflCTBHe 1.3 (Berele) Tlycmb A - kohchho nopocncdeHHafi Pl-aA2e6pa. Tozda 




GK{A) < oo. 



GK{A) - 3XO pasMepHocmh FeAbcpaHda-KupuAAoea aAsedpu A, x.e. 



GK(A) = lim lnVSi(n)/ln(n), 
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r^e VA{n) ecTh (^yuKv^ufi pocma aAse6pu A, T.e. pasMepnocTb BeKTopnoro npocTpancTBa, 
nopojKfleHHoro cjiosaMH cxeneHH ne Bbime n ox oGpaayiomHx A. 

B caMOM ^ejie, ^ocTaxoHHo saMexHTb, hto hhcjio pemeHHH HepaBencTBa 
ki\vi\ + • • ■ + kh\vh\ ^ n, r^e h ^ H, npeBocxo^Hx A^"^, h noxoMy GK(yl) ^ Ht(A). 

Hhcjio m = deg(y4) Gyfl^T oGoanaHaxb cmenewb aAse6pu hjih MHHHMajibHyio cxenenb 
xoacflecxBa, Koxopoe b hch BbinojiHaexca. n = Pid(y4) ecxb cAocHCHocmb ajireGpbi A hjih 
MaKCHMajiBHoe k xaxoe, hto — ajireGpa Maxpnu; pasMepa k, npHHa;];jie>KHx MHorooGpasHio 
ya.T{A), nopo>K;];eHHOMy ajire6poH A. 

Bmccxo noHHXHa eucomu yflpGnee nojibsoBaxbca 6jih3khm noHHXHeM cym,ecm6eHH0u 
eucomu. 

Onpe/i,ejieHHe 1.4 Ajire6pa A HMeer cymecxBeHHyio Bticoxy h = He.ss{A) na/i, KOHeHHhiM 
MHoxecTBOM Y , HasbiBaeMbiM s-6a3HcoM ajire6pL.i A, ecjiH moxho Bbi6paTb xaKoe KoneHHoe 
MHoxecTBo D C A, HTo A jiHHeHHo npefl^cTaBHMa ajieueHTaMH BHfl^ati- . . .-ti, rji^el ^ 2h+l, 
H \/i{ti E D y ti = y^^; yi G Y), npHHOM MHO^KecTBO xaKHX i, hto ti ^ D, cofl^epyKiiT ne 
6ojiee h ajieueHTOB. AnajiornHHo onpe/i^ejjaeTcsi cymecxBennaa Bticoxa MHoxecTBa cjiob. 

FoBopH He(|)opMajibHo, jiio6oe j^jinHHoe cjiobo ecxb npoH3Be;];eHHe nepno^^HHecKHx nacxefl 
H "npoKjia^oK" orpaHHHeHHOH ;i,jiHHt.i. CymecxBCHHaa Bticoxa ecxt hhcjio xaKHx nepno^HHecKHx 
KycKOB, a o6t.iHHa5i eme ynnxtiBaex "npoKjraflKH". 

B CB33H c xeopeMOH o Bbicoxe B03HHKJIH cjie^yiomHe Bonpocbi: 

1. Ha KaKne Kjiaccbi KOJien; mojkho pacnpocxpannxb xeopeMy o Bbicoxe? 

2. Ha^ KaKHMH Y ajireGpa A nMeex orpaHHHeHHyio Bbicoxy? B nacxHocxH, xaKne 

Ha6opL.I CJIOB MOJKHO B3HXb B KaHCCXBC {fj}? 

3. KaK ycxpocH BCKXop cxenenefl (fci, . . . , fc/i)? Hpe^K^e Bcero: KaKHC MHoacecxBa 
KOMnoHeHx 3xoro BCKxopa sBjiaioxca cymecxBCHHtiMH, x.e. KaxHe Ha6opt>i ki Moryx 
6bixt> o^HOBpeMCHHo HeorpaHHHeHHbiMH? KaKOBa cymecxBennaa Bbicoxa? Bepno 
jiH Hxo MHOJKecxBO BCKXopoB cxeneHCH o6jia;];aex xcmh hjih hhbimh CBOHCXBaMH 
peryjrspnocxH? 

4. KaK oii,eHHXb Bbicoxy? 

HepeH^eM k oGcyac^eHHio nocxaBjreHHbix BonpocoB. 
1.2 Heaccoi],HaTHBHi>ie o6o6ii];eHHH 

TeopeMa o bbicoxc 6t.ijia pacnpocxpaHena na neKoxopbie Kjiaccbi kojich;, 6jih3khx k accon;HaxHBHBiM. 
C. B. nHejiHHi];eB [7] flOKa3aji ee ^jih ajitxepnaxHBHoro h (—1, 1) cjiynacB, C. H. MnmcHKo 
[8] HOJiyHHji anajior xeopcMbi o bbicoxc jijis ajireGp JIh c pa3pe>KeHHbiM xojK^ecxBOM. 
B paGoxe aBxopa [9] xeopena o bbicoxc 6t.ijia ;];oKa3aHa ^jia ncKoxoporo Kjiacca Kojien;, 
acHMHxoxHHecKH 6jih3khx k accoii,HaxHBHL.iM, Ky;i,a Bxo;i,Hx, B HacxHocxH, ajibxepnaxHBHbie 
H Hop^aHOBBi PI-ajire6pt.i. 
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1.3 BasHCbi IIlHpmoBa 



HycTb A - PI-ajire6pa, h no^MHoacecTBo MCA HBjiHexcH ee s-6a3HC0M. Tor^a, ecjiH Bce 
3jieMeHTL.i MHOJKecTBa M ajire6paHHHL.i na^ K, to ajire6pa A KOHeHHOMepna (npoGjieMa 
Kypoma) . OrpaHHHeHHocxb cymecxBeHHoli bbicotbi na^ Y Bjienex "nojiojKHxejibHoe pemeHHe 
npoGjieMbi Kypoma na^i; Y". 06paTHoe yTBepjKfleHHe Menee TpHBHajibHo. 

TeopeMa 1.5 (A. BejiOB) a) nycmt A - spadyupoeaHHasiPl-aAee6pa, Y -KoneHHoe 
MHOCHcecmeo odHopodnux aAeMenmoe. Tozda ecAU npu ecex n aAse6pa A/Y^"^ HUAhnomeHmna, 
mo Y ecmt s-6a3uc A. Ecau npu amoM Y nopoofcdaem A nan aAee6py, mo Y - 6a3uc 
Ulupmoea aAse6pu A. 

6) Uycmh A — Pl-aAee6pa, MCA— nenomopoe nypomeeo nodMHOotcecmeo e A. 
Toada M — s-6a3uc aA2e6pu A. 

o6o3HaHaeT n^eaji, nopojKfleHHbifi ti-bimh cxeneHsiMH sjieMenxoB hs Y . MnojKecTBo 
M G A HasbiBaexcH KypoiueeuM, ecjin jiio6a5i npoeKn;H5i vr: A ® K[X] — )■ A', b Koxopofi 
o6pa3 7r(M) n,eji na^ 7r(i^ [X]), KoneHHOMepna na^ 7r(K[X]). Mothbhpobkoh sxoro nonaxHa 
cjiyjKHx cjieflyiomHH npHMep. Hycxb A = Q[x, 1/x]. JIioGaa npoeKn;HH vr xaxaa, hxo tt{x) 
ajireGpaHHCH, HMeex KOHeHHOMepHbifi o6pa3. O^^naKo mhojkccxbo {x} ne aBjiaexca s-6a- 
3HCOM ajireGpt-i Q[x, 1/x]. TaKHM o6pa30M, orpaHH^eHHocxb cymecxBeHHoii bbicoxbi ecxt> 
HeKOMMyxaxHBHoe o6o6iri;eHHe CBoficxBa ycAocmu. 

1.4 BasHCbi IIlHpmoBa, cocToamne h3 cjiob 

OnHcaHHe 6a3HcoB IIlHpmoBa, cocxoamHx h3 cjiob, ^aex cjieflyromaa xeopena: 

TeopeMa 1.6 (|4]? P-Oj) Mnootcecmeo CAoe Y neAfiemcfi BasucoM Ulupmoea aAse6pu 
A mosda u moAhKO mosda, Kosda Oasi Am6odo CAoea u Oauhu ne eume m = Pid(A) — 
CAOCHCHOcmu aAzeBpu A — MHOofcecmeo Y codepotcum CAoeo, uukauhccku conpnoiceHHoe 
K HCKomopou cmenenu CAoea u. 

1.5 CymecTBGHHaa Bbicoxa 

5IcHo, Hxo pa3MepHocxt. FejibcJiaHfla-KHpHjijioBa oii;eHHBaexca cymecxBeHHoii bbicoxoh h 
Hxo s-6a3HC SBjiJiexcH 6a3HCOM ninpinoBa, xor^a h xojibko xor^a, Kor^a oh nopoac^aex 
A KaK ajire6py. B npe^cxaBHMOM cjiynae HMeex Mecxo h o6paxHoe yxBepjK^eHHe. 

TeopeMa 1.7 (A. BejiOB, [4J) Uycmb A - kohchho nopootcdeuHafi npedcmaeuAtasi 
aA2e6pa u nycmb Hessy{A) < oo. Tosda Hessy{A) = GK{A). 

CjieflCTBHe 1.8 (B. T. MapKon) PasMepnocmb FeAbcfjaHda-KupuAAoea kohchho no- 
poofcdeHHOu npedcmaeuMou aAse6pu ecmb yeAoe hucao. 

CjieflCTBHe 1.9 Ecau He.ssy{A) < oo, u aAee6pa A npedcmaeujua, mo Hessy{A) ne 
saeucum om eu6opa s-6a3uca Y . 

B 3XOM cjiynae pa3MepHocxb FejiBc^jaH^a — KHpnjijioBa xaxace paBHa cymecxBeHHofi 
Bbicoxe B cHjiy jioKajibHofi npe^cxaBHMocxn oxHocHxejibHo cbo6o;];hl.ix ajireGp. 
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CTpoeHHe BeKTopoB CTeneHeii. Xoxa b npe^cxaBKMOM cjiynae pasMepHocxb Fejib- 
4)aHfla-KHpHjijioBa h cymecTBeHHaa Bbicoxa Be^yx ce6a xopomo. TeM ne Menee ^ajKe 
xor^a MHOJKecxBO BexxopoB cxeneneii mojkcx 6l.ixb ycxpoeno njioxo — a hmchho, Moacex 
Gbixt. ^onojiHeHHCM K MHOJKecxBy pemeHHH cHcxeMti 3KcnoHeHn;HajiBHo-nojiHHOMHajiBHL.ix 
flHO(|)aHxoBt.ix ypaBHeHHH |.4]. Box noneMy cymecxByex npHMep npe;];cxaBHMOH ajire6pt.i 
c xpaHci],eHfleHXHbiM psflpu THjibGepxa. O^naKo ^jia oxHocHxejibHo CBoGoflHofl ajireGpti 
psjx THjibGepxa paii,HOHajieH [TT] . 

1.6 n-pasSHBaeMOCTb h TeopeMa ^HJiyopca 

SnaHeHHe noHHXHa n-pasBueaeMocmu Bt.ixo;i,Hx sa paMKH npoGjieMaxHKH, oxHocameflca 
K npoGjieMaM GepHcafl^^oBCKoro xnna. Oho nrpaex pojit. h npH HsyHeHHH nojiHjiHHeftHbix 
cjiOB, B on;eHKe hx KOJinnecxBa, r;i,e noAUAuneuHUM nasbiBaexca cjiobo, b Koxopoe Ka>K;i,aji 
6yKBa Bxofl^RT ne Gojiee o;];Horo pas. B. H. JIaxbimeB npHMennji xeopeMy ^Hjiyopca 
fljia nojiyneHHH on;eHKH HHCjia ne aBjiaiomnxcji m-pasGnBaeMbiMH nojiHJiHHeflHbix cjiob 
cxeneHH n, na^ aji(|)aBHXOM {ai, . . . , a„}. 3xa oij,eHKa: (m — l)^*^ h ona 6jiH3Ka k peajitHocxn. 
HanoMHHM 3xy xeopeMy. 

TeopeMa ^HJiyopca: Uycmb n - HauBoAtmee KOAUHecmeo SAeMCHmoe aHmuv^enu 
daHHoso KOHCHHozo HacuiuHHo ynopHdoHCHHOdo MHoofcecmea M. Tozda M mochcho pasBum'b 
Ha n nonapHO HenepeceKammuxcH v^eneu. 

PaccMoxpHM nojiHJiHHeliHoe cjiobo W vi3 n 6yKB. Hojiojkhm Oj >- aj, ecjin i > j m 
6yKBa Oj cxoHx b cjioBe W npaBee aj . YcjioBHe ne m-pasGnBaeMocxH oananaex oxcyxcxBHe 
aHXHn;enH hs m sjieMenxoB. ToTj\a. no xeopeMe /],HJiyopca Bce no3Hij;HH (h, cooxBexcxBenHo, 
GyKBbi ai) pasGnBaioxca na (m — 1) ii,enb. ConocxaBHM KajKj\ov^ i\eim cboh ii;Bex. Tor^a 
pacKpacKa no3Hn;HH h pacKpacxa 6yKB o;];H03HaHHo onpe;];eji3ex cjiobo W . A hhcho xaKHx 
pacKpacoK He npeBocxo;i,HX (m — 1)" x (m — 1)" = (m — l)^". 

Hs j\a.mioVi oii,eHKH cjiepyei: BbinoirHHMOcxt. nojiHjiHHeflHbix xojk^ccxb, oxBenaiomnx 
HenpuBo^HMOMy MOflyjiio, ^narpaMMa lOnra Koxoporo co^epjKnx KBaflpax n^. 3xo b 
CBOK) onepe^b, BO-nepBbix, nosBOjiHjio nojiyniixb npoapannoe ^OKasaxejibcxBO xeopeMbi 
PercBa o xom, hxo xenaopHoe npoHSBefleHHe PI-ajire6p cHOBa siBjiaexca PI-ajire6poii, 
Bo-Bxopbix, ycxanoBHXb cymecxBOBanne paspejKeHHoro xojK^ecxBa b o6iri;eM cjiynae, a 
xaKJKe xojK^ecxBa KanejiJiH b kohchho nopojKfleHHOM cjiynae (xcm caMbiM, b nacxHocxn, 
;i,oKa3axb xeopeMy o HHjibnoxenxHocxH pa;];HKajia) , h B-xpexbHx, ocymecxBHXb "cynepxpioK" 
A. P. KeMepa, cbo;i,hiii;hh iisyneHne xo>K;i,ecxB o6iri;HX ajire6p k iisyneHmo cynep-xo>K;i,ecxB 
KOHeHHonopo>K;];eHHbix cynepajireGp b nyjieBofi xapaKxepiicxuKe. CMeafflbie Bonpocbi 
paccMoxpeHbi b paGoxe [2^ [301 EI] ■ 

Bonpocbi, CBHsaHHbie c nepeHHCJieHHCM nojiHjiHHeflHbix cjiob, ne 5Ibj[5iioiu;hxc5i ra-pas- 
GHBacMbiMH, HMeiox caMocxoaxejibHbiH nnxepec. (HanpHMep, cymecxByex 6HeKn;H5i MCJK^y 
He 3-pa36iiBaeMbiMH cjioBaMH h HiicjiaMH Kaxajrana.) C o/i;Hofi cxopoHbi, 3xo hhcxo 
KOMGHHaxopnaa sa^ana, c ^pyroli cxopoHbi, ona cBHsana c pa^oM KopasMepnocxett ^jia 
ajrreGpbi o6iu;hx Maxpiin;. Hccjie^oBaHiie nojiHjiHHeiiHbix cjiob npe^cxaBjiaexcji npesBbiHafiHo 
BajKHbiM. B. H. JIaxbimeB (cm. nanpHMep |12) ) nocxaBiiji npo6jieMy KOHeHHoli GasiipycMocxii 
MHOJKecxBa cxapniHx nojinjiiiHeliHbix cjiob ^jia T-n^eajia oxnocuxejibHo bshxhh na^cjioB ii 
H30X0HHbix no;i,cxaHOBOK. Hs 3XOH npoGjicMbi Bbixexaex npo6jieMa Illnexxa ;i,Ji3 nojimiiiHeiiHbix 
MHoroHjienoB, nMcexca xecHaa cbhsb c npoGjicMofi cjiaGofi nexepoBocxH rpynnoBOH ajireGpbi 
GecKOHCHHOH (|)iiHHxapHOH cHMMexpHHccKOH xpynnbi Ha^ nojicM noj[oacHxej[bHOH xapaKxepHcxHKH 
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(fljia HyjieBOH xapaKTepncTHKH 3to 6l.ijio ycTaHOBjieno A. 3ajieccKHM). JJ,Jis pemeHHH 
npoGjieMbi JlaTbimeBa na^o yMext nepeBo^Hxt. cBOHcxBa T-H^eajioB na aatiK nojiHjiHHefiHbix 
cjiOB. B pa6oxax |U 6t.iJia nontixKa ocymecxBHXt nporpaMMy nepeBo^a cxpyKxypntix 
CBOHcxB ajireGp na hsbik KOM6HHaxopHKH cjiob. Ha aatiK nojiHjiHHeHHbix cjiob xaKoit 
nepeBOfl ocymecxBHxt npome, b ^ajiBHeflmeM mojkho nojiyiHXB HH4)opMaii,Hio h o cjioBax 
oGmero BRj^a. 

B flaHHOH pa6oxe mbi nepenocHM xexHHKy B. H. JlaxbimeBa na ne nojiHjiHHeHHbiii 
cjiynafl, Hxo nosBOJiaex nojiynnxt. cyGsKcnoHeHi^HajibHyio oij,eHKy b xeopeMe IHnpinoBa o 
Bbicoxe. r. P. HejiHOKOB npe^^jioacHji H;i,eio sxoro nepenoca b 1996 ropy. 

1.7 Ol],eHKH BMCOTM 

nepBOHanajiBHoe ^oKasaxejitcxBo A. H. ninpinoBa xoxh h 6l.ijio hhcxo KOM6HHaxopHt.iM 
(oho ocHOBbiBajiocB Ha xexHHKe 3jiHMHHan,HH, pasBHxoH HM B ajire6pax JIh, b nacxHocxn, b 
flOKaaaxejibcxBe xeopeMbi o cBo6ofle), oflnaxo oho ^aBajio xojibko hphmhxhbho peKypcHBHBie 
on;eHKH. no3;i,Hee A. T. Kojioxob |13] nojiynnji on;eHKy na Ht(y4) ^ {n = deg{A), 
I - HHCJio o6pa3yioni;Hx) . A. 51. BejioB b paGoxe noKasaji, hxo Ht(n, /) < 2nl^^^. 
3KcnoHeHn;HajibHa5i on;eHKa xeopeMbi lUnprnoBa o Bbicoxe Hsjioacena xaKJKe b pa6oxax 
tlQj, ^16], [27j, [32j. JXamme on,eHKH yjiyHmajiHCb b pa6oxax A. Kjiefina [TTf [T8]. B 2001 
rofly E. C. HhGphkob b paGoxe |26] flOKaaaji, hxo 

Ht(4,/) ^ (7A;^ — 2k). M. H. XapnxonoB nojiynnji b pa6oxax ??, [25] BepxHHe h HHJKHne 
oii;eHKH Ha cyn];ecxBeHHyio Bbicoxy. B 2011 ro^y A. A. JIonaxHH |25] nojiynnji cjie^yiomHH 
pesyjibxax: 

TeopeMa 1.10 nycmt Cn,i - cmenewb HUAbnomeHmHocmu ceoBodnou l-nopootcdeHHOu 
aAzeBpu u ydoeAemeopsiwineu moofcdecmey = 0. Uycmbp - xapaKmepucmuna 6a3oeo20 
noAfi aA2e6pu - 6oAhiue hcm n/2. Tosda 

(1):C„,, <4-2"/2/. 

Ho oHpe^ejieHHio Cn^i ^ \I/(n,n, /). SaMexHM, hxo ^jia Majibix n on;eHKa (1) Mentme, 
HCM HOJiyneHHaa b ^aHHofi paGoxe on;eHKa \l/(n,n, /), ho npn pocxe n on;eHKa \l/(?T,,n, /) 
aCHMHXOXHHeCKH jiyHHie on,eHKH (1). 

E. H. SejiBManoB nocxaBHji cjie;];yion];HH Bonpoc b ^necxpoBCKofl xexpa;];H b 1993 Topy: 

Bonpoc 1.11 Uycmt) F2^m ^ ceoBodnoe 2-nopocHcdeHHoe accoyuamuenoe noAbyo c mootcdecmeoM 
x"^ = 0. BepHO Au, Hmo kagcc HUAbnomeHmHocmu KOAt>ya F2^rn pacmem SKcnoHeHyuaAhHO 
no ml 

Hama paGoxa oxBenaex na Bonpoc E. H. SejibManoBa cjie^yiomHM oGpaaoM: b flettcxBHxejiBHocxH 
HCKOMBiH Kjiacc HHjibnoxeHXHocxH pacxcx cy63KcnoHeHii;Hajii>Ho. 

1.8 IlojiyHeHHbie pesyjibTaxbi 
OcHOBHoii pesyjifaTaT pa6oxL.i cocxohx b cjie^yiomeM: 

TeopeMa 1.12 Bucoma MHOcncecmea ne n-pasBueacMux CAoe Hadl-ByneeHHUM aAcjjaeumoM 
omHocumeAhHO MHOOfcecmea CAoe Oauhu Mentme n ne npeeumaem ^{n,l), zde 
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sde El = 421 logs 4+17^ E2 = 301og3 4 + 10. 

H3 ^aHHoil TeopeMM nyTCM neKOToporo orpyGjieHHa h ynpomeHHa oii,eHKH nojiynaeTca, 

HTO npH (J)HKCHpOBaHHOM i H 71 — >■ OO 

$(n,/) < 2^^ ■ n^2ios3"+48 _ ^i2(i+o(i))iog3„^ 

a npH 4)HKCHpOBaHHOM n H Z — > oo 

$(n,/) < 

CjieflCTBHe 1.13 Bucoma l-nopocHcdenHou Pl-aAse6pu c donycmuMUM noAUHOMuaAhHUM 
moofcdecmeoM cmenenu n Had MHOcncecmeoM CAoe dnunu Meubiue n ne npeeumaem 
^{n,l). 

KpoMe Toro, flOKasMBaeTCfl cySsKcnoHeHi^HajibHaa oii;eHKa, KOTopaa jiynme npn Majitix 

n: 

TeopeMa 1.14 Bucoma MHOofcecmea ne n-pasSueaeMux cjioe nad l-6yKeeHHUM aA^aeumoM 
omHocumeAhHO MHOCHcecmea cjioe Oauhu Meuhme n ne npeeumaem ^{n,l), ede 

KaK cjieflCTBHe nojiynaioTca cy63KcnoHeHij,HajibHbie oii,eHKH na HH^eKC HHjibiioxeHTHocTH 
Z-nopoacfleHHbix HHjib-ajireSp CTenenn n fljia npoHSBOJiBHoii xapaKTepncTHKH. 
^pyrHM ocHOBHBiM pesyjiBTaTOM Hamefi paSoTbi flBjiaeTCfl cjieflyioiii,afl 

TeopeMa 1.15 Uycmb I, n u d ^ n - HCKomopue uamypaAhHue Hucna. Todda ece l- 
nopoofcdeHHue cjioea Oauhu ne Mewbme, ueM ^(n, d, I), au6o codepofcam x'^ , au6o HeAHtomcA 
n-pa36u6aeMUMU, sde 

^{n,d,l) = 45+31og34^(^^)31og3M)+(5+61og34)^2_ 

Hs ;];aHHOH TeopeMbi nyxeM neKOToporo orpySjiennfl h ynpoii],eHHfl oi];eHKH nojiynaeTca, 

HTO npH 4)HKCHpOBaHHOM I R ud ^ OO 

^if{n,d,l) < 2l«ZM^^°S3(n<i)+13^2 _ (^^)3(l+o(l))log3(nd)^ 

a npH 4)HKCHpOBaHHOM n H Z — > oo 

'^{n,d,l) < C{n,d)l. 

CjieflCTBHe 1.16 Uycmt, I, d - neKomopue uamypaAhHue uucAa. IJycmt, e accox^uamuenou 
l-nopocHcdeuHou aAze6pe A eunoAHeno mocucdecmeo x'^ — 0. Toada ee undeKC HUAhnomenmHocmu 
Mewbme, hcm 'i/{d,d,l). 

KpoMe Toro, flOKasBiBaeTCfl cySsKcnoHeHi^HajiBHaa oi];eHKa, KOTopaa jiynme npn Majitix 
n n d: 

TeopeMa 1.17 Uycmb I, n u d ^ n - neKomopue namypaAhHue HUCAa. Tosda ece l- 
nopoofcdeHHue CAoea Oauhu ne MCHhrne, HeM^{n, d, I), au6o codepofcam x'^, au6o AeAHwmcA 
n-pa36u6aeMUMU, sde 
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06o3HaHeHHe 1.18 JJ,Afi 6em,ecm6eHH020 uucAa x uoaochcum '"x"' := — [— x]. TanuM 
o6pa30M Mu onpysAfieM uev^eAue HUCAa e BoAhmym cmopoHy. 

B npoii;ecce ^oKasaxejibCTBa xeopeMbi II . 121 joKasbiBaexcg cjie^yiomaa xeopeMa, oi],eHHBaioiri,aa 
cymecxBeHHyio Bbicoxy: 

TeopeMa 1.19 Cyiu^ecmeeHHasi eucoma l-nopootcdeHHOu PI-aAse6pu c donycmuMUM noAUHOMuaAbuuM 

moMcdecmeoM cmenenu n Had MHOcncecmeoM CAoe Jauhu MeHt>me n Mewbme, hcm T{n, I), 

zde 

T{n,l) = 2n3'i°*^3""+4/_ 

B pa6oxe jl9] ycxanoBjieHO, hto HH^eKC HHjibnoxeHXHOcxH /-nopojK^eHHoro hhjib- 
nojiyKOJiBn,a cxenenn n coBna^aex c HH^eKCOM HHjibnoxeHXHOcxH Z-nopojK^eHHoro hhjib- 
KOJii>ii;a cxeneHH n, npn^eM cjiojKeHHe ne oGsaaxejitHo KOMMyxaxHBHo. (TaM TKe npHBe^enbi 
npHMept.1 He HHjiBnoxeHXHtix hhjib hohxh KOJien, HH^eKca 2.) TaKHM o6pa30M, naniH 
pesyjiBxaxBi pacnpocxpanaioxcH h na cjiynali nojiyKOjien;. 

1.9 O HH5KHHX oi];eHKax 

CpaBHHM nojiyHeHHbie peayjibxaxbi c HHJKHefl oij,eHKOH j^jiii bbicoxbi. Bbicoxa ajire6pt.i A 
He MeHBine ee pasMepnocxH rejibcjDaH^a-KHpHjijioBa GK{A). ajire6pt>i /-nopojK^eHHBix 
o6iri;Hx MaxpHn; nopa^Ka n ^annaa pasMepnocxb, paBHa (/ — l)n^ + 1 (cm. [20] a xaKJKe 
[21]). B xo ace Bpena, MHHHMajibnaa cxenenb xoJK^ecxBa 3xoh ajire6pL.i paBHa 2n b CHjiy 
xeopeMbi AMHn;ypa-JIeBHi];Koro. Hivreex Mecxo cjie^yiomee 

IIpeflJiojKeHHe 1.20 Bucoma l-nopocHcdeHHOuPl-aAse6pu cmeneHun, a maKOfce MHOotcecmea 
He n-pasBueaeMux CAoe Had l-ByneenHUM aAcfjaeumoM, ne Menee, hcm {I — l)n^/4 + 1. 

HnjKHHe on;eHKH na HHfleKc HHjibnoxeHXHocxH 6i>ijih ycxanoBjieHbi E. H. KysbMHHbiM 
B paGoxe j22]. E. H. KysbMHH npHBeji npHMep 2-nopo>K;];eHHOH ajire6pt>i c xoac^ecxBOM 
a;"^ = 0, nHfl^eKc HHjibnoxeHXHocxH Koxopofi cxporo Gojibine (n^ + n — 2)/2. Bonpoc 
Haxo>K^eHH3 HHJKHHx oi^eHOK paccMaxpHBaexc5i B paGoxax |27], |28| . 

B xo TKe BpeMH ^jiH cjiynaa nyjieBoii xapaKxepncxHKH h cnexHoro Hucjia oGpasyiomHx 
K). n. PasMbicjioB (cm. HanpHMep, [23]) nojiynnji BepxHioio oii;eHKy na hh^ckc HHjibnoxeHXHocxH 
paBHyio n^. 

Bnanajie mbi ^oKajKCM xeopeMy I1.15[ b cjie^yromeii rjiaBe mbi saflMCMCH on;eHKaMH 
cymecxBCHHOH Bbicoxbi, x.e. KOJinnecxBa pasjiHHHBix nepHOflH^ecKHx (J)parMeHxoB b ne 
n-pasGHBaeMOM cjioBe. 

BjiaroflapHOCTH. Abxopbi npHSHaxejiBHti B. H. JlaxbimeBy, A. B. MnxajicBy h bccm 
ynacxHHKaM ceMHHapa "TeopHH Kojien;" aa BKHManne k paGoxe, a xaKJKc ynacxHHKaM 
ceMHHapa MOTH no^ pyKOBo^cxBOM A. M. Paiiropo^cKoro. 

2 OLi,eHKH Ha noaBjiGHHe CTeneHefi no/],cjiOB 
2.1 IljiaH flOKasaxejibCTBa xeopeMbi 11^15] 

B jicMMax 12. 3[ 12.41 h 12.61 onncBiBaioxcs flocxaxoHHtie ycjiOBHH ^jih npncyxcxBHH nepno^a 
fljiHHBi (i B He n-pasGHBacMOM cjioBe W. B jieMMe [2771 cBasBiBaioxcg hohsxhsi n-pasGnBaeMocxH 
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cjioBa W VL MHOJKecTBa ero xboctob. Hocjie sxoro onpe^ejieHHtiM o6pa30M BBiGnpaeTca 
noflMHOJKecTBo MHOJKecTBa XBOCTOB cjioBa W , KOToporo MOJKHo npHMeHHTb TeopeMy 
^Hjiyopca. SaxeM mbi pacKpamHBaeM xboctbi h hx nepBbie 6yKBL.i b cooTBexcTBHH c 
npHHa^jiejKHOCTBK) K n;en5iM, nojiyneHHtiM npn npHMenenHH xeopeMti /I,Hjiyopca. 

Heo6xo;];HMo HsyHHTt., b KaKofl no3Hij,HH nanHHaioT oTjinnaTbca coce^HHe xboctbi b 
KajKflOH ij,enH. BtisBiBaeT HHTepec, c KaKofl "nacTOTOH" STa no3Hii;H5i nonaflex b p-xBocx 
fljiH HCKOToporo p ^ n. HoTOM Mbi HecKOJiBKo oGoGmaeM HaniH paccyjKfleHHsi, flfijis 
xBocTbi Ha cerMeHTbi no necKOJiBKo 6yKB, a saxeM paccMaxpHBaH, b KaKofl cerMeHT nonajia 
no3Hn;H5i, b Koxopofi nanHHaioT oTjiKHaxbca ppyr ox ^pyra coce;];HHe xbocxbi b ii;enH. B 
jieMMe 13.41 cBaatiBaioxca paccMaxpHBaeMtie "nacxoxbi" ^jia p-xBocxoB h /cp-xBocxoB fljia 
k = 3. 

B saBepmeHHe ^oKaaaxejibcxBa cxpoHxca HepapxH^ecKaa cxpyxxypa na ocnoBe npHMeneHHa 
jieMMBi 13.41 X. e. paccMaxpHBaeM cnanajia cerMenxbi n-xBocxoB, noxoM no^cerMenxbi 
3XHX cexMenxoB h x. fl. JXanee mbi paccMaxpHBaeM HaH6ojibmee bosmo^khoc kojikhccxbo 
xBocxoB H3 no^MHOJKecxBa, fljia Koxoporo Gbijia npHMenena xeopeMa /],HJiyopca, nocjie 
Hero on;eHHBaeM cBepxy o6in;ee kojikhccxbo xbocxob, a, snanHx, h 6yKB cjioBa W. 

2.2 CBOHCTBa nepHO^HHHOCTH H n-pa36HBaeMOCTH 

riycxb ai,a2, ■ ■ ■ ,ai - ajicJ^aBHX, na^ KoxopbiM npoBO^HXca nocxpoeHHe cjiob. HopaflOK 
Oi -< 02 -<■■■-< a; HH^yn;Hpyex jieKCHKorpa(|)HHecKHH nopa^oK na cjioBax nafl saflaHHbiM 
ajicJ)aBHXOM. /I,Ji5i y^o6cxBa BBe^eM cjie^yromne onpe^ejienHH: 

Onpe/j,e JieHHe 2.1 a) Ecjjh b cjiose v cofl,epyKHTca noji^cjioBO BHfl^a u^,to 6y/i,eM roBopHTb, 
HTO B cjiOBe V coflepxHTca nepHO/i, fljiHHbi t. 

6) EcjiH cjioBo u sBjiaeTca HanajioM cjioBa v, to xaKHe cjioBa HashwaioT HecpaBHHMbiMH. 

b) Cjiobo V - xBocx cjioBa u, ecjiH Ha&fleTca cjiobo w xaKoe, hto u = wv. 

r) Cjiobo v - fc-xBocx cjioBa u, ecjin v coctoht h3 k nepBbix 6yKB neKOToporo xBocTa 

u. 

r*) fc-Hanajio to xe cauoe, hto h k-xBocT. 

fl) UycTb CJIOBO u jieBee cjioBa v, ecjiH nanajio cjioBa u jieBee Hanajia cjioBa v. 

06o3HaHeHHe 2.2 a) JJ,Afi 6em,ecmeeHH020 uucAa x uoaomcum '"x"' := — [— x]. 
6) 06o3HaHUJH nan \u\ dAuny CAoea u. 

J\ji^ ^oKaaaxejibcxBa noxpeGyioxca cjieflyioin;He ^ocxaxoHHbie ycjioBna HajiHHHH nepno^a: 

JleMMa 2.3 B CAoee W Oauhu x au6o nepeue [x/d] xeocmoe nonapno cpaenujuu, au6o 
e CAoee W Haudemcn nepuod dAunu d. 

► Ilycxb B cjioBe W ne Hamjioct. cjioBa BVLj^a. u'^. PaccMoxpHM nepBbie [x/d\ xbocxob. 
npe;];nojio>KHM, hxo cpe;i,H hhx HamjiHCb 2 HecpaBHHMbix xBocxa fi h f2. Ilycxb vi = u-V2- 
ToTjia V2 = u-v^ HCKoxoporo v^. Tor;i,a Vi = -v^. HpHMeHHa xaKne paccy>K;i,eHHH, 
nojiyHHM, Hxo f 1 = m'^ ■ fd+i, xax xax \u\ < x/d, \v2\ ^ {d — l)x/d. HpoxHBopeHHe.-^ 

JleMMa 2.4 Ecau e CAoee V Oauhu k ■ t ne BoAbme k pasAUHHUx nodcAoe Oauhu k, mo 
V eKAWHaem e ce6si nepuod Oauhu t. 
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► ^OKaJKCM jieMMy HHflyKi^Hefi no k. Basa npn k = 1 oneBH^Ha. Ecjih nafl^eTca ne 
6ojibme, neM (A; — 1) pasjiHHHbix no^cjioB fljiHHbi (A; — 1), to npHMenaeM HHflyKii,HOHHoe 
npe^nojioJKeHHe. Ecjih cymecxByioT k pasjiHHHbix no^cjiOB ^jihhbi (fc — 1), to KaJK^oe 
no^cjioBO ^jiHHbi k o^HosnaHHO onpe^ejiaexca cbohmh nepBbiMH (k — l) 6yKBaMH. SnanHT, 
V = f*, rjie V - fc-XBOCT V.M 

Onpe/],ejieHHe 2.5 a) Cjiobo W - n-pasBueaeMO e o6uhhom cmucac, ecjiH naii/iyTca 

Ui, U2, . . . ,Un TaKHe, HTO W = V ■ Ui ■ ■ ■ Un, npH 3TOM «!>-...>- U„. 

6) B TeKyujeM ji^oKasaTejibCTBe cjiobo W 6y/i,eM HasbiBaxb n-pasBueacMUM e xeocmoeoM 

CMUCAe, eCJIH HaRflyTCa XBOCTBI Ui, . . . ,Un TaKHe, HTO Ui >~ U2 >~ ■ ■ ■ >~ Un h A'^^ jiK)6oro 

z = l,2,...,n — 1 Hanajio Ut cjieBa ot nanajia Mj+i- Ecjih oco6o hc oroBopeno npoTHBHoe, 
TO noA n-pasBueaejviuMu cjioBaun mbi noflpasyueBaeM n-pasGHBaeuhie b xboctobom cMhicjie. 

b) Cjiobo W - n-coKpamujHoe, ecjiH oho jih6o n-pasGHBaeuo b oGbihhom cmbicjic, jih6o 
Ha&AeTca cjiobo BH^a u'^ 'O W. 

Tenepb onnmeM ;];ocTaTOHHoe ycjioBHe n-coKpaxHMOCTH h ero cbhsb c n-pasGnBaeMOCTbio. 

JleMMa 2.6 Ecau e CAoee W Haudymcfi n oduHanoeux HenepeceKamm,uxcfi nodcAoe u 
dAUHu n ■ d, mo W - n-coKpamujuoe. 

► npe;];nOJIO>KHM npOTHBHOe. PaCCMOXpHM XBOCTBI Ui,U2, ■ ■ ■ ,Un CJIOBa U, KOTOpbie 

HaHHHaioTCH c KayKflflR h3 ero nepBbix n 6yKB. HepeHyMepyeM xboctbi xaK, htoGbi 
Bt>inojiH3jiHCB HepaBeHCTBa: Ui y . . . >- Un- Ha jieMMbi 1 ohh HecpaBHHMtie. PaccMoxpHM 
noflCJioBo Ml, jiejKamee b caMOM jieBOM sKseMnjiape cjioBa m, ho^cjiobo U2 - bo BxopoM 
cjieBa,. . . ,M„ - B n-oM cjieBa. IIojiyHHjiH n-pasGneHHe cjioBa W . HpoTHBopeHHe.-^ 

JleMMa 2.7 Ecau CAoeo W fieAfiemcH 4nd-pa36ueaeMUM, mo oho - n-conpamuMoe. 

► Hpe^nojiojKHM npoxHBHoe. PaccMoxpHM nopa^KOBbie HOMepa no3Hn;HH 6yKB a^, r^e 
ai < 02 < . . . < a^nd, c KOTopbix HaHHHaioTCii XBOCTBI Ui, pa36iiBaioiri;ne W. IIojiojkhm 
ciAnd+i = Ecjih W - ne n-coKpaxHMoe, to HaH^excH xaKoe hhcjio i, hto 1 ^ i ^ 
4(n — l)d + 1, HTo fljia jiio6bix i ^ b < c ^ d < e ^ i + 4d {ac — ab)-xBocT Uf, h (oe — a^)- 

XBOCT Ud - HecpaBHHMbl. CpaBHHM HHCJia ai^2d — H aj+4rf — Clj+2d- MoJKHO CHHTaXB, HTO 

O'i+Ad — 0'i+2d ^ 0'i+2d — O-i- HyCTB ttj+i — ttj = illf (Ofc+i — Cfc), ^ j < 2d. CpaBHHM HHCJia 

k 

j H d. MojKHO CHHTaxb, HTO j < d. Ho npe^nojroJKCHHio (02^ — Oj)-xboct Uj h (02^ — 0^+1)- 

XBOCT Uj+i HecpaBHHMbl C (04^ — a2(i)-XBOCTOM U2d- T. K. 04^ — 02^ ^ 02^ — % > 0'2d — 0'j+l, 

TO (a2(i — aj)-xBocT uj h {a2d — aj+i)-xBocT uj+i necpaBHHMbi Me>K;i,y co6oh. Tax kslk 

a2d-a°|i ^ ^d^' ^'^ ~ aj)-XBOCT Uj B CTeHCHH d COflep>KHTCa B (a2(i — aj)-XBOCTe Uj. 

ripoTHBopeiHe. M 

CjieflCTBHe 2.8 Ecau caobo W - ne n-paadueacMO e o6uhhom cjuucac, mo W ne And- 
pasSueaejuo (e xeocmoeoM cjuucac). 

06o3HaHeHHe 2.9 Uoaochcuju pn^d '■= 4:nd — 1. 

HycTb IV - He n-coKpaxHMoe cjiobo. PaccMOTpHM U - [\W\ /d]-xBocT cjioBa W. Tor^a 
W - He {pn,d + l)-pa36HBaeMoe. HycTb Q - mhojkcctbo xboctob cjioBa W, Koxoptie 
HaHHHaioTca b U. Torj^a jicmmc I?^ jiioGbie ^Ba sjicMCHxa h3 Q cpaBHHMbi. EcxecTBenHBiM 

06pa30M CXpOHTCa 6HeKH,H5I MCJK^y Q, 6yKBaMH U H HaxypajIbHblMH HHCJiaMH OT 1 flO 

\n\ = \U\. 

BbeflCM cuoBo 6 xaxoe, hto 6 jieKCHKorpacJjHHecKH Menbine jiio6oro cjioBa. 
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SaMenaHHe 2.10 B meKyui,eM donas ameAhcmee meopeMu M .15\ 6ce xeocmu mu npednoAaeaeM 
ACMcam^uMU e il. 

3 OLi,eHKH Ha noaBjiGHHe nepno^HHecKHx (J)parMeHTOB 

IIpHMeHeHHe TeopeMM ^HJiyopca. fl^Ji^i xboctob u h v nojiojKHM u < v, ecjin u -< v 
H, KpoMe Toro, u jieBee v. Tor^a no xeopeMe ^Hjiyopca fl mojkho pasGnxb na pn,d i^eneft, 
r;i,e B KajKflOH ii;enH u -< v, ecjin u jieBee v. HoKpacHM HaHajibHbie no3Hi];HH xboctob b p„ ^ 
ii;BeTOB B cooTBexcTBHH c npHHa^^jiejKHocTbio K n;en3M. OHKcnpyeM HaxypajibHoe hhcjio 
p. KayKflpuy HaxypajibHOMy HHCJiy z ox 1 flo |0| conocxaBHM BP{i) - ynopH;];oHeHHt.m 
Ha6op H3 Pn,d CJTOB {f{i,j)} nocxpoeHHbix no cjie^yioni;eMy npaBHjiy: 
/(yi^ nacHcdoeo j = 1,2, . . . ,Pn,d uoaochcum 

f{i,j) = {max f ^ i '■ f pacKpameno e v^eem j} . 

EcAU maKoso f ne naudemcfi, mo CAoeo us B^{i) na nosuv^uu j CHumaeM paenuM 9, 
6 npomuenoM CAynae smo CAoeo CHumaeM paenuM p-xeocmy, Komopuu HauuHaemcfi c 
f{i,j)-ou 6yKeu. 

He(|)opMajibno roBopa, mbi na6jiio;];aeM, c xaKon CKopocxtio xbocxbi "3BOjiion,HonHpyiox" 
B CBOHX u,eniix, ecjin paccMaxpnBaxB nocjieflOBaxejiBHocxB no3Hn,HH cjioBa W k&k oct> 
BpeMenn. 

3.1 HaSopbi B'P{i)^ npoi];ecc na no3Hi],Hax 

JleMMa 3.1 (O npoLi,ecce) /(ana nocAedoeameAbHocmb S Oauhu \S\, cocmaeAeHHafi us 
CAoe Oauhu {k — 1). Kaotcdoe us hux cocmoum us {k — 2) cujueoAa "0" u odnou "1". 
Uycmt) S ydoeAemeopfiem CAedytoiu^eMy ycAoeum: 

ecjiH jxjiii neKoxoporo < s ^ /c — 1 Han^yxca pn,d cjiob, b Koxoptix "1" cxonx na s-om 
Mecxe, xo Meac^y nepBbiM n p^^^-biM h3 sxhx cjiob nan^exca cjiobo, b KoxopoM "1" cxonx 
cxporo Mentme, ncM na s-om Mecxe; L{k — 1) = sup \ S\. 

To^^aL{k-l)^piJ-l. 

► L(l) ^ pn,d - 1- riycxb L{k - 1) ^ p'l^^ - 1. IIoKaJKeM, nxo L{k) ^ p^^^ - 1. 
PaccMoxpnM cjioBa, y Koxoptix cnMBOji "1" cxonx na nepBOM Mecxe. Hx ne 6ojit>me 
Pn4 ~ 1- MejK^y jiioGtiMn ^ByMa n3 nnx, a xaxace nepe^ nepBtiM n nocjie nocjie^nero, 
KOJiHHecxBO CJIOB nc 6ojiBme L{k — 1) p^^ — 1. HojiynaeM, nxo 

L{k) ^ Pn,d - 1 + {Pn,d) {iPn,df'^ ~ ^ ^ " 1 

HaM xpe6yexc3 BBecxn nexoxopyio Bcjinnnny, Koxopaa 6t.i nncjienno on;ennBajia cKopocxt 
"9BOJiion;nn" naGopoB B^{i): 

Onpe^ejieHHe 3.2 Uojioxhm 

ipip) := {max k : B^ii) = BP{i + A; - 1)} . 

B HacTHocTH no jieMMe ip{pn,d) ^ Vn^d. 

/Jjia 3aflaHHoro a onpe/i,ejiHM pasOneHHe nocjiefl^oBaTejihHocTH nepBbix \Q\ nosHii^Hii 
i cjioBa W Ha Kjiaccbi aKBHsajieHTHocTH cjje/iyiomHM o6pa30M: i^aj, ecjiH B°'{i) = 
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npe/],jio>KeHHe 3.3 /^asi ah)6ux HamypaAbHux a < b uMeeM ip{a) ^ '?/'(&)• 
JleMMa 3.4 (OcHOBHaa) JJ^ah Am6ux HamypaAbHux hucca a, k eepno nepaeeHcmeo 

ipia) ^ p^ di^i^ ■ a) + k ■ a 

► PaccMoxpHM no HaHMeHbineMy npe^cxaBHTejiio h3 KaJK^oro Kjiacca '^k a- HojiyHeHa 
nocjie;];oBaTejibHocTb no3Hij,Hfi {ij}. Tenepb paccMoxpHM Bce ij h B^'"'{ij) hs o^Horo 
Kjiacca SKBHBajieHTHOCTH no HycTb on coctoht h3 B^'"'{ij) npn ij G [b, c). OGosnannM 
3a {ij}' oxpeaoK nocjie^^OBaxejibnocTn {ij}, AJia Koxoporo ij G [b,c — k ■ a). 

OnKcnpyeM neKOTopoe naxypajibnoe nncjio r, 1 ^ r ^ Pn^d- HasoBCM Bce k ■ a-nanajia 
u,BeTa r, nannnaromnecH c no3Hn;HH cjiOBa W h3 {ij}', npe;i,CTaBHTejiaMH xnna r. Bce 
npeflcxaBHTejiH xnna r, Gy^yx nonapno pasjinnnt.!, xax xax onn nannnaioxca c nanMenbmnx 
no3Hu;HH B Kjiaccax aKBHBajieHXHocxn no -^k-a- PasoGteM KajK^bin npe^cxaBnxejit xnna r 
na k cerMenxoB ^jinnbi a. HponyMepyeM cexMenxbi Bnyxpn KaJK^oro npeflcxaBHxejia xnna 
r cjieBa nanpaBO nncjiaMn ox nyjiH ^o (fc — 1). Ecjih nafi^yxcH {pn,d + 1) npe^cxaBHxejieii 
xnna r, y Koxoptix coBna^aiox nepBbie (t — l) cerMenxoB, no Koxoptie nonapno pasjinnnbi 
B t-OM, rjie t - naxypajibnoe nncjio, l^t^A; — 1, xo nan^yxca ^Be nepBbix GyKBbi t-ro 
cerMenxa o^noro n;Bexa. Tor;];a no3Hn;HH, c Koxopbix naHnnaioxca sxn cerMenxbi, bxo^hx 
B pasnbie Kjiaccbi SKBHBajienxnocxn no ^a- 

HpHMenHM jieMMy [XT] cjienyiomnM oGpaaoM: bo Bcex npe^cxaBHxejiax xnna r, xpoMe 
caMoro npaBoro, 6y^eM cnnxaxb cerMenxbi eduHUHHUMU, ecjin HMenno b nnx naxo^^nxca 
naHMentmaa no3Hn;Ha, b Koxopoii xeKyn^nn npe^cxaBHxejib xnna r oxjiH'iaexca ox npeflt.iflyn];ero. 
Ocxajit.nt.ie cerMenxt.1 cnnxacM uyAeeuMu. 

Tenepb mojkho npHMennxb jieMMy o npon;ecce c napanexpaMH, coBnaflaioiu;HMH c 
sa^annbiMH b ycjiOBnn jieMMt.1. HojiynacM, nxo b nocjie^OBaxejibnocxn {ij}' Gy^ex ne 
6ojiee p^"^^ npe^cxaBHxejieii xnna r. Tor^a b nocjie^oBaxejibnocxn {ij}' , 6y^ex ne 6ojiee 
p^ ^ njienoB. TaKHM o6pa30M, c — b ^ p^ ^ip{k ■ a) + k ■ a. < 

3.2 SaBepmeHHe flOKasaTejibCTB TeopeM 11.151 h 11.171 

Hycxt) 

(In — a, — 't^°S.3Vu,cr-^ „ 1 

Uq — O , Ul — O ; • • • ; "'^log3P„_d^ — ^■ 

Hpn 3XOM \W\ ^ d\VL\ + d B cnjiy jicmmbi [2^31 

TaK KaK na6op B^[i) npnnnMaex ne Gojiee (1 +Pn,dl) pasjinnnbix snanennii, xo \W\ ^ 

Ho jicMMe 13.41 

m < {Vld+Vn4)m < {Vld+Vn4fm <■■■< ipl,d+Pn4r°''''-''MPn4) ^ 

HoflcxaBjiaa pn,d = '^nd — 1, nojiynacM 

\W\< 45+31°g3 4/(^^^)31og3{nd)+{5+61og3 4)^2_ 

Oxcio^a HMecM yxBepjKflenne xeopeMfai 11.151 

/^OKasaxejiBcxBo xeopeMbi 11.1 7l 3aBepmaexcg xaxjKe, xojibko bmccxo nocjie^oBaxejibnocxn 

ao = 3^i°S3Pn,.; = 3nog3P„,.-i^ ^ an,,^p„y = 1 

paccMaxpHBaexca nocjie^oBaxejibnocxt 



13 



4 OLi,eHKa cymecTBeHHOH bmcotm. 



B ;];aHHOM pa3;i,ejie mm npo^^ojixcaeM ^^OKasbiBaxL. ocHOBHyio xeopeMy 11.121 HonyTHO 
flOKasbiBaexca xeopeMa 11.191 Byfl^eu cMoxpexb na no3Hn;HH 6yKB cjioBa W xax na ocl> 
BpeMCHH, xo ecxb no^cjioBo u BcxpexHjioct. paHtme noflCJioBa v, ecjiH u ij,ejiHKOM jieacHx 
jieBee v BHyxpn cjioBa W. 

4.1 BblHJieHGHHe paSJIHHHblX nepHO^HHGCKHX cJiparMGHTOB B CJIOBG W 

06o3HaHHM 3a s KojiHHecxBo no^cjioB cjioBa W c nepno^oM ^jihhbi Menbine n, b Koxopbix 
nepHO^ noBxopaexca 6ojibme 2n pa3 h Koxopbie nonapno pa3flejieHt.i cpaBHHMBiMH c 
npeflBi^ymHM nepno^oM no^cjioBaMH ^jihhbi 6ojiBme n. HpoHyMepyeM hx ox nanajia 
K KOHity cjioBa: x^", xf^, . . . , xf^. TaKHM o6pa30M W = yoxf^yixf^ ■ ■ ■ xf^i/s. 

EcjiH HaH;i,exca i xaxoe, hxo cjiobo Xi ^^jihhbi ne Menbine n, xo b cjiobc xf nafi^^yxcH 
n nonapno cpaBHHMbix xbocxob, a, 3nanHx, cjiobo xf^- ra-pasGnBaeMoe. HojiynaeM, nxo 
nncjio s ne Mentme, neM cyniecxBennaa Bbicoxa cjioBa W na^ MnoacecxBOM cjiob ;i,jiHnt.i 
Menbme n. 

Onpe/],ejieHHe 4.1 Cjiobo u nasoBeM Heu;HKjiHnecKnM, ecjiH u nejibsa npeflCTaBHTb b 
BHfl^e , r^e k > 1. 

Onpe/i,ejieHHe 4.2 Cjiobo- n,HKji u - cjiobo u co bccmh ero c^BHraMH no i^HRjiy. 

Onpe/i,ejieHHe 4.3 Cjiobo W nasbiBaeTcsi cnjitno n-pa36HBaeMt.iM, ecjiH ero moxho 
npe^cTaBHTb b BHfle W = WqWi ■ ■ - Wn, r^e noflCJiOBa Wi, . . . ,Wn nflJT b nopa^Ke 
jieKCHKorpacpHHecKoro y6biBaHHa, h KayKfl^oe h3 cjiob Wi,i = l,2,...,n HaHHHaeTca c 
HCKOToporo cjioBa G Z, Bce Zi pasjiHHHbi. 

JleMMa 4.4 Ecau Haudemcfi hucao m,l ^ m < n, maKoe, umo cym,ecm6ymm {2n — 1) 
nonapno necpaenujuux CAoe Oauhu m : Xi-^, . . . ■,Xi^^_^, mo W - n-pasBueaejvioe. 

► riojiojKHM X := Xi^. ToTj\a. b cjiobc W nan^yxca HenepeceKaioni;Hec3 iioj\cjioBa. 
x^^v[, . . . , xP^""^f2n-i5 Pi, • • • ,P2n-i ^ ncKoxopbie HaxypanbHbie nncjia, Gojibinne n, a 
v'l, . . . , f 2„_i - neKoxopbie cjioBa j\jimibi m, cpabnnMbie c x,v[ = Vi^. ToTj\a. c^ejxa cjiob 
v^, . . . , V2n-i naH;i,yxca jinGo n jieKCHKorpa(|)HnecKH Gojibinnx x, jih6o n jicKCHKorpacJinnecKH 
MeHbmnx x. MojKno cnnxaxb, nxo - jieKCHKorpa(|)nnecKH Gojibine x. ToTj\a. 

B cjioBC W nan^yxca no^cjioBa f ^, Xf2, . . . , x^^'^f^, n^ymne cjiCBa nanpaBO b nopa^Ke 
jieKCHKorpacJ)HnecKoro yGbiBanna. < 

PaccMoxpHM ncKoxopoe nncjio m, 1 ^ m < n. Pa3o6beM Bce Xi ^jinnbi m na SKBHBajrenxnocxn 
no CHjibnoii necpaBnnMocxn n Bbi6epeM no o^noMy npe^cxabnxejiio h3 KaJKfloro Kjiacca 
3KBHBaj[eHXHOcxH. Ilycxb 3XO cjiOBa , . . . , Xj/^ , r^e s' - neKoxopoe naxypajrbnoe nncjio. 
TaK KaK no^cjioBa Xj HBjiaioxcH nepnoflaMn, Gy^cM paccMaxpnBaxb nx Kax cjioBo-n;HKjibi. 

06o3HaHeHHe 4.5 Vk '■= Xj^. 

Uycmb v{k,i), sde i - namypaAbnoe hucao om 1 do m, - yuKAUuecKuu cdem CAoea 
Vk na {k — 1) nosuyuu enpaeo, mo ecmb v{k, 1) = Vk, a nepean Bynea CAoea v{k, 2) 
fieAfiemcfi emopou Byneou CAoea Vk- Tanuju o6pa30Ju, {v{k,i)}'^i - CAoeo-yuKA CAoea 
Vk- 3ajuemuju, umo dAR awBux 1 ^ zi, ^ 1 ^ J15J2 ^ ^ cAoeo v{ii,ji) cuAhno 
necpaenuMo co cAoeoj^ '^(^2, J2)- 

SaMenaHHe 4.6 CAyuau m = 2, 3, n — 1 paccjuompenu e pa6omax f27 ^ .f28 ^ .f3 ^ . 
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4.2 IlpHMeHeHHe TeopeMbi ^HJiyopca 

PaccMoxpHM MHOJKecTBO Q' = {v{i,j)}, r^e 1 ^ i ^ p,l ^ j ^ m. Bee^eM cjie^yiomHH 
nopsflOK Ha cjioBax v{i,j) : 

1) viiiji) > V{i2,j2) 

2) ii > 12 

JleMMa 4.7 Ecau e MHOotcecmee Q' Oasi nopRdna >- HaudemcH aHmuv^enb Oauhu n, mo 
CAoeo W 6ydem n-pasBueacMUM. 

► HycTb Hamjiacb aHTHij,enb ^jiHHbi n h3 cjiob f (zi, ji), f (z2, J2); • • • iv{inijn)'i 

ii ^ ^2 ^ ■ ■ ■ ^ in- EcjiH Bce HepaBCHCTBa Meac^y - CTporne, to cjiobo W - n- 

pasGHBaeMoe no onpe^ejieHHio. 

HpeflnojiojKHM, hto ^jih neKoxoporo HHCJia r HamjiHCb ir+i = ■ ■ ■ = ir+k, r^e jih6o 
r = 0, jih6o V < V+i- KpoMe xoro, k - xaKoe naxypajiBHoe hhcjio, hxo jih6o k = n — r, 
jih6o v+fe < v+fc+i- 

Cjiobo Sj^^^ - nepno^HHecKoe, cjie;];oBaxejibHo, oho Hpe^cxaBjiaexca b BH^e HpoH3Be;];eHH3 
n sKseMHjiapoB cjioBa vf^^_^. vf^^^ co^^epacHx cjioBo-n;HKji Vi^^^. SnanHx, b cjiobc Sj^^^ 
MOJKHo BBiGpaxb HenepeceKaK)in;Hec3 noj^cjioBa., H^^yn^He b nopa^^Ke jieKCHKorpa(|)HHecKoro 
y6t.iBaHH5i, paBHBie v{ir+ii jr+i)i ■ ■ ■ iv{ir+ki jr+k) cooxBexcxBCHHo. TaKHM JKC oGpasoM 
HocxynaeM co bccmh MHoacecxBaMH paBHbix hh^^ckcob b Hocjie;],OBaxejibHocxH {i,.}"^^. 
HojiynaeM n-pasGHBaeMocxb cjioBa W . IIpoxHBopeHHe. 

SnanHX, MHOJKecxBO VL' mojkho paaGnxb na (n — 1) ii;enB. 

OGosHaneHHe 4.8 Uoaochcum g„ = (n — 1). 

4.3 Ha6opi>i C"(i), npoi],ecc na no3Hi],HHX 

HoKpacHM riepBBie 6yKBt.i cjiob hs Q' b g„ ii,BexoB b cooxBexcxBim c npHHa^jiejKHocxbio 
K u,ensM. HoKpacHM xaxace incjia ox 1 ;];o b cooxBexcxByioin;ne ii,Bexa. OnKciipyeM 
HaxypajiBHoe hhcjio a ^ m. KayKflpMj HHCjiy i ot 1 flp conocxaBiiM ynopa^oHeHHbiH 
Ha6op CJIOB C"(i), cocxoHmHH H3 Qn CJIOB HO cjieflyioiLi;eMy npaBHjiy: 

/J^ASi KacHcdoso j = 1, 2, . . . , g„ uoaochcum 

f{i,j) = {max f ^ i : cyvnecmeyem k manoe, umo v{f,k) pacKpameno e v^eem j u 
a-xeocm, Komopuu HaHunaemcsi c f , cocmoum moAtKO U3 Byne, fi6Afi}om,uxcfi nepeuMU 
ByneaMU xeocmoe us Q'}. 

Ecau manoso f ne HaudemcR, mo CAoeo us C°'{i) CHumacM paenuM 9, e npomuenoM 
CAynae amo cAoeo cuumaeu paenuM a-xeocmy, CAoea v{f, k). 

06o3HaHeHHe 4.9 Uoaookum 

(j){a) = {max k : dASi nenomopozo i eepno C^{i) = + A; — 1)}. 

/^Asi sadauHoeo a ^ m onpedeAUM pasBuenue nocAedoeamcAbHocmu CAoeo-yuKAoe {i} 
CAoea W na kaqccu aKeueaAenmnocmu CAedymu^uM o6pasoM: i^aj, ecAU C^ii) = C"'{i). 

SaMexHM, Hxo nocxpoeHHaa K0HcxpyKii;H5i bo mhoxom anajiornHHa nocxpoeHHoii b 
flOKaaaxejibcxBe xeopeML.i ll.15l 06pain;aeM BHHManiie na cxojKecxb B°'{i) ii C"'{i), a xaxace 
ip{a) H 0(a). 



15 



JleMMa 4.10 0(m) ^ qn/f^i- 

► HanoMHHM, HTO cjiOBO-n;HKjit.i GbiJiH npoHyMepoBaHB.1. PaccMoxpHM cjiobo-i];hkjii.i 
c HOMepaMH + l,...,i + [g„/m]. Panee 6t.ijio noKasano, hto Ka>Kflt.m cjioBo-n;HKji 

COCTOHT H3 ITL paSJIHHHBIX CJIOB. PaCCMOTpHM Tenepb CJIOBa B CJIOBO-Ii;HKJiaX Z, Z + 1, . . . , 2 + 

[g„/m] KaK 3jieMeHTL.i MHoacecxBa VL' . IIpH xaKOM paccMoxpenHH y nepBbix 6yKB h3 cjiobo- 
ii,HKjioB noHBjiHioTca CBOH no3Hn;HH. Bcero paccMaxpHBaeMBix no3Hn;HH ne MeHtme n. 
Cjie;];oBaTejibHo, cpej\vi hhx nafi^^yTCH no3Hij,HH o;i,Horo n;BeTa. ToTf\a, b cHjiy chjibhoh 
HecpaBHHMOCTH cjioBO-n;HKjioB HMeeM yxBepjK^eHHe jieMMbi.-^ 

npeflJio:a<;eHHe 4.11 /(yi^ awBux namypaAbHux a < b umccm (f){a) ^ (j^ib). 

JleMMa 4.12 (OcHOBHaa) /Jasi namypaAbHux hucca a,k, manux, umo ak ^ m eepno 
HepaeeHcmeo 

^ Pn,d<Pik ■ a) 

► PaccMoxpHM no HaHMeHtmeMy npe^cxaBHTejiio h3 KajK^oro Kjiacca ^k-a- HojiyHeHa 
nocjieflOBaxejiBHocTB no3Hn;Hfi {ij}- Tenepb paccMOTpHM Bce ij h C^'"'{ij) h3 o^Horo Kjiacca 

3KBHBajieHTHOCTH HO HyCTB OH COCTOHT H3 C^'°'{ij) HpH Ij G [&, c). 06o3HaHHM 3a {ij}' 

0Tpe30K Hocjie^oBaTCJiBHOCTH {ij}-, AJiH KOToporo ij G c). 

c&HKCHpyeM HeKOTopoe naTypajibHoe hhcjio r, 1 ^ r ^ g„. Ha30BeM Bce k ■ a-Hanajia 
ii;BeTa r, HaHHHaiomHecH c nosmxaVi cjioBa W h3 {ij}' , npe;i,CTaBHTeji5iMH THna r. Bce 
npe;];cTaBHTejiH THna r, Gy^yT nonapno pa3jiHHHL.i, Tax xax ohh HannnaioTca c HaHMeHtmnx 
no3Hij,HH B Kjiaccax sKBHBajieHTHocTH no '^fc.a- Pa3o6beM KajKflbiH npeflCTaBHTejib THna r 
na k cerMCHTOB j\jmmA a. HponyMepyeM cerMenTbi BnyTpn Ka>K;i,oro npe;i,CTaBHTejia Tnna 
r cjieBa nanpaBO nncjiaMn ot nyjia ^o {k — 1). Ecjih nan^yTca (g„ + 1) npe^CTaBHTejien 
THna r, y KOToptix coBna^aioT nepBtie (t — 1) cerMCHTOB, no KOTopbie nonapno pa3JiHnnt.i 
B t-OM, rfle t - naTypajiBHoe hhcjio, l^t^A; — 1, to naii^yTCii ^bc nepBtix 6yKBt.i t-ro 
cerMCHTa o^noro n;BeTa. Tor^a no3Hn;HH, c KOToptix nannnaiOTca 3th cerMenTbi, bxo^st 
B pasHbie Kjiaccbi sKBHBajienTnocTH no 

HpHMenHM jieMMy 13.11 cjie;];yion];HM o6pa30M: bo bccx npeflCTaBHTejisrx; Tnna r, KpoMe 
caMoro npaBoro, ()yj\eM cnnTaTb cerMenTbi eduHUHHUMU, ecjin HMcnno b nnx naxo^^HTca 
naHMenbmaa no3Hn;HH, b KOTopon TeKyninn npe;i,CTaBHTejib Tnna r OTjinnacTca ot npe;],L.i;];yn];ero. 
OcTajibnbie cerMenTbi cnnTaeM nyAeeuMu. 

Tenepb mbi mojkcm npHMennTb jieMMy o npon;ecce c napaneTpaMH, coBnaflaioni;HMH 
c saflannbiMH b ycjioBnn jieMMbi. HojiynaeM, hto b nocjie^oBaTejitnocTH {ijY 5yfleT ne 
6ojiee q^~^ npe^cTaBHTejien Tnna r. Tor^a b nocjie^oBaTCjitnocTH {ij}' , 6y^eT ne 6ojiee 

njienoB. TaKHM o6pa30M, c — b ^ Qn'Pi^ ■ a). < 

4.4 3aBepmeHHe /i,oKa3aTejii>CTBa TeopeMM 11.191 

HycTB 

ao = 3^^°S3Pn,.^^ = 3nog3P„,.-i^ ^ a^,^^,^^^. = 1. 
Ho^CTaBjiaa: 3Tn b jicmmbi 14.121 n I4.10[ nojiynacM, hto 

0(1) < g^0(3) ^ ^ ■ ■ ■ < gf-^a^X^) ^ 

^ 'in 
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TaK KaK npHHHMaex ne 6ojiee 1 + g„/ pasjiH^Hbix sHaneHHii, to 

< + qj) < n3"i°S3n"+2/, 

Ho jieMMe |131nojiyHaeM, hto KOJinnecTBo Xi ^jihhl.i m MeHtme 2n^'^^°^3"'^+^/. 
Hmccm, hto KOJiHHecTBo Bcex Xi MeHbine 2n 

To ecTb s < 2n^^'°^3"^"'"^/. TaKHM o6pa30M, xeopena II. 191 joKasana. 



5 ^OKasaxejibCTBO xeopeMbi 11.141 h ochobhoh xeopeMbi 11.12 



5.1 IljiaH ^OKasaTGJibCTBa 

By^eM CHOBa no^ n-pasBueacMUM caobom no^paayMeBaxt n-pasBueacMoe b o6l.ihhom 
CMbicjie. CnaHajia mbi naxo^^HM Heo6xo;i,HMoe KOjinnecTBO (|)parMeHTOB c j\jimiov^ nepHo;i,a 
He MeHbine 2n b cjiobc W . 3to mojkho c;];ejiaTb, npocTo pasGnB cjiobo W na iioj\cjioBa. 
GojibinoH j\jmmA, k KOTopbiM npHMenaeTcs Teopena 11.151 0;i,HaKO mbi mojkcm yjiyHniHTb 
oii;eHKy, ecjiH cHanajia bbi^^cjikm b cjiobc W nepno^^HHecKHfl (|)parMeHT c ^jihhoh nepHo;];a 
He Menee 4n, saxeM paccMoxpHM Wi - cjiobo W c "BL.1pe3aHHt.iM" nepHo^^HHecKHM (|)parMeHTOM 
Ui. y cjioBa Wi Bbi^ejiHeM cJ^parMenx c ^jihhoh nepno^a ne Menee 4n, nocjie nero 
paccMaxpHBaeM W2 - cjiobo Wi c "Bt.1pe3aHHt.iM" nepHo^HHecKHM cJ^parMCHTOM U2- Y 
cjioBa W2 TaK yae Bt.ipe3aeM nepHo^HHecKHH c|)parMeHT. J\ajiee npo^ojiacacM stot Hpon;ecc, 
HOflpoGnee oHHcaHHtili b ajiropHTMe l5.2[ SaxeM mbi ho Bt.1pe3aHHt.iM cJ^parMeHxaM BoccxanaBUHBaeM 
HepBOHanajiBHoe cjiobo W . Hocjie 3xoro HOKa3t.iBaexc5i, hxo b cjiobc W ho^cjiobo Ui name 
Bcero He SBjiaexca npoH3BefleHHeM Gojibmoro KOJinnecxBa ne CKjieennbix ho^cjiob. B 
jieMMe jioKa3t.iBaexcg. hxo npHMeneHHe ajiropnxMa 15 . 2 1 jiaex Heo6xo;];HMoe kojikhccxbo 
nojxcjioB cjiOBa W c ^jihhoh nepno^a ne MCHbrne 2n cpej^n Bt.1pe3aHHt.1x ho^cjiob. 

5.2 CyMMHpOBaHHG CymeCTBGHHOH BblCOTbl H CTGnGHH HHJIbnOTeHTHOCTH 

06o3HaHeHHe 5.1 Ht(w) - eucoma cAoea w Had MHoofcecmeoM cAoe cmeneHU ne euiue 
n. 

PaccMoxpHM CJIOBO W c Bbicoxoii Ht(14^) > $(n, /). Tenept ^jia Hero npoBC^CM cjie^yiotLi;HH 
ajiropHXM: 

AjiropHTM 5.2 



IlepBbiH mar. Uo meopeMe \1.15\ e CAoee W Haudemcfi nodcAoeo c dAUHOu nepuoda An. 
Uycmh Wo = W = u'lxfVy'i, npuueM CAoeo xy - HeuuKAUuecKoe. UpedcmaeuM y[ e 
eude y[ = x^Jyi, dde r2 - MancuMaAbHO eosMOCHCHoe hucao. Caobo u[ npedcmaeuM 
KaK u[ = UiX^y , sde ri - nauBoAbmee eosMoofCHoe. 06o3HaHUM sa fi CAedy}om,ee 
CAoeo: 

Wo = Mixtr'-^+'-^yi = urfm- 

HasoeeM nosuuuu, 6xodfim,ue e CAoeo fi, CKynnbiMH, nocAedHmm nosw^um CAoea 
Ui - CKyHHOH XHHa 1, emopym c Komi^a nosuuum Ui - CKyHHofl xnna 2, u maK daAee, 
n-yto c KOHV^a nosuv^wio Ui - CKyHHofi xnna n. Uoaochcum Wi = Uiyi. 
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k-biu mar. PaccMompuM CAoeaUk-i, Vk-i, Wk-i = Uk-iUk-i, nocmpoeHHue na npedudymeM 
maze. Ecau \Wk-i\ ^ $(n, /), mo npuMenuM meopeMV \1.15\ k CAoey W c mcM 
ycAoeueM, umo npov^ecc e ocHoenou acmmc \y.4\ 6ydem eecmuch moAhKO no we 
CKyuHUM no3uyufiM u cnyuHUM nosuyusiM muna BoAtme ka, ede k ua - napaMempu 
ACMMU \3.4\ 

TaKUM o6pa30M, e CAoee Wk-i Haudemcn Hev,UKAUHecKoe nodcAoeo c dAunou nepuoda 
An, man nmo 

Wk-i = uixpyi. 

IIpu amoM noAootcuM 

ri := sup{r : u'^ = UfeX^,}, rs := sup{r : = xl,yk}. 

( OnfiMemuM, umo cAoea e namux paccyofcdenuHX Mozym 6unih nycmuMU.) 
OnpedeAUM fk us paeencmea: 

Wk^l = MfcX^?"^'"i+''2?/A; = Ukfkyk- 

HasoeeM nosuyuu, exodsnu^ue e CAoeo fk, CKynHbiMH, nocAednmm nosuyum CAoea Uk 
- CKyHHoii THna 1, emopym c Konya nosuyum Uk - CKyHHofi rana 2, u man daAee, n- 
ym c Konya nosuyum Uk - CKyHHoii THna n. Ecau noauyuR e npoyecce aAsopumMa 
onpedeAHemcR nan CKyunafi deyx munoe, mo 6ydeM CHumamt ee CKyuHou moeo 
muna, Komopuu Menhuie. Uoaochcum Wk = UkVk- 

06o3HaHeHHe 5.3 ITpoeedeM At+l uiazoe aA2opumMa \5.2[ PaccMompuM nepeoHauaAbnoe 
CAoeo W . /Jasi KacHcdoso namypaAbnoso i us ompesna [l,4t] ujueem juecmo paeencmeo 

Oasi HCKomopux nodcAoe Wj. 3decb fi = /f""^^ ■■■ TaKotce mu cnumaeM, nmo npu 
1 ^ J ^ "^i — 1 nodcAoeo Wj - nenycmoe. Lfycmb s{k) - KOAunecmeo undencoe i G [l,4t] 
manux, nmo ni = k. 

J\ji^ ^OKaaaxejibCTBa xeopeMbi 11.151 xpeGyexcs naiixH xax mojkho 6ojibme ^jihhhi.ix 
nepHo^HHecKHx (|)parMeHxoB. HoMOHb b sxom cMoacex cjie^yiomasi jieMMa: 

JleMMa 5.4 s = s(l) + s(2) ^ 2t. 

► HasoBeM MonoAumnuM no^cjioBO U cjioBa W, ecjiH 

1. U sBjiaexca npoHSBe^eHHeM cjiob BH^a fj;''\ 

2. U He aBjiaexca no;];cjioBOM cjioBa, fl^Jis Koxoporo BbinojinaexcH npe;];L.i;];yiii;ee cbohcxbo 
(1). 

HycxB nocjie {i — l)-ro mara ajiropHXMa l5.2l B cjioBe W co;];ep>KHXCH mohojihxhbix 
no;];cjioB. SaMexHM, hxo fcj ^ ki^i — + 2. 

Tor^a ecjiH ^ 3, xo ki ^ ki^i — 1. Ecjih jkc ^ 2, xo ki ^ ki^i + 1. HpH 3xom 
ki = 1, kt ^ 1 = ki. JleMMa flOKasana. M 
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Cjie/],CTBHe 5.5 

oo 

^k-s{k) ^ m < 5s. fl53|l 

k=l 

► Hs ;i,oKa3aTejibCTBa jieMMbi [5^ nojivnaeM. hto ^ (rij — 2) ^ 2t. 

oo oo 

Ho onpe^ejieHHio ^ s(A;) = 4t, x.e. ^ 2s(A;) = 8t. 

fc=l k=l 

CKjia;];t.iBa3 sth ;],Ba HepaBencTBa h npHMenaa jieMMy I5.4[ nojiynaeM ^oKasBiBaeMoe 
HepaBeHCTBo 15.51 M 

npe/],Jio:a<:eHHe 5.6 Bucoma CAoea W 6ydem ne 6oAbme 

oo 

^(n, 4n, /) + ^ ■ s{k) ^ ^(n, 4n, /) + 5s. 

k=l 

^ajiee Gy^eM paccMaxpHBaTb tojibko /j c rij ^ 2. 

06o3HaHeHHe 5.7 Ecau rii = 1, mo uoaochcum f- := fi. 

EcHceAU rii = 2, mo uoaochcum := /■*■■'■', sde /•^"'■' - CAoeo c Hau6oAbmeu Oauhou 
Meotcdy fj;^^ u ff^. 

CAoea fl ynopfidoHUM e coomeemcmeuu c ux BAuaocmtm k nauaAy W . TIoAyuuM 
nocAedoeameAhHocmb fmi^ ■ ■ ■ ^ fms> ^' ~ ^i^) + -5(2); uoaomcum //' := /^.. Uycmh 
f'l = w[x^^n' w'l , zde xomH 6u odno us CAoe w[,w'l - nycmoe. 

SaMenaHHe 5.8 Mochcho cuumamt, umo mu nepeuMU luasaMU aA2opumMa \5.^ euBpaAU 
ece me fi, Bar Komopux rii = 1. 

Tenepb paccMoxpHM z'j - no^cjioBa W cjie^yiomero BH^a: 

npH 3TOM Vj He paBHO X(2j-i)", Hanajio z'j coBna^aex c nanajioM nepno^HHecKoro 
noflCJioBa B /2j_i- HoKajKeM, hto Zj ne nepeceKaroxca. 

B CaMOM ^ejie. EcJIH f^j^i = /ma.-i, TO Zj = fm2,-iVj. 

EcjiH TKe f2j^i = /mij-i, = 1, 2, a no;];cjioBo Zj nepeceKaexcH c no;];cjioBOM Zj^-^, to 
f2j C z'-. Tax KaK cjioBa X(^2j)" h X(^2j-i)" ^ Hen;HKjiHHecKHe, xo |a;(2j)"| = |x(2j-i)"|. Ho 
xor^a ^JiHHa nepno^a b Zj ne MeHtme An, hto npoxMBopennx saMenaHHio 15.81 

TeM caMbiM ^oKaaana cjie^yiomaH jieMMa: 

JleMMa 5.9 B CAoee W c eucomou we 6oAee (\l/(n,4r;,,/) + 5s') naudemcfi ne Menee s' 
HenepeceKamuifUxcsi nepuodunecKux nodcAoe, e Komopux nepuod noemopumcfi ne Menee 
2n pas. KpoMe moso, Meofcdy awBumu deyMfi SAeMenmaMU dannoeo MnoMcecmea nepuodunecKUX 
nodcAoe naudemcH nodcAoeo dAunu nepuoda 6oAee Aeeoso us euBpannux 3AeMenmo6. 
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5.3 3aBepmeHHe ^OKasaTejibCTB TeopeMbi ll.l4l H ochobhoh TeopeMbi ll.121 

rio^cTaBjiHH B jieMMy 15.91 BMecxo HHCJia s' snaneHne s h3 flOKaaaxejibCTBa xeopeMti 11.191 
nojiynaeM, hto Bbicoxa W ne 6ojTbme, hcm 

^(n,4n,/) + 5s < Ei/ ■ n^^+^^ioggn^ 

me El = 421 i°g3 4+17^ ^2 = 301og3 4 + 10. 

TeM caMBiM Mbi nojiyHHjiH yTBep>K/i,eHHe ochobhoh TeopeMbi I1.12[ 
^OKasaTejibCTBO xeopeMbi 11.141 saBepmaeTcg TaK>Ke, tojisko b iiyHKTe H3] BMecxo 

nocjie;];oBaxejibHocxH 

ao = 3^'°S3P.,.^, ai = 3^'°^3P.,.-i, . . . , ar,,,^p„y = 1 
paccMaxpHBaexcH nocjie;i,oBaxejibHocxb 

a sHaneHHe 4n, Z) Gepexca h3 xeopeMBi 11.171 
6 KOMMGHTapHH 

Hpe^^cxaBjieHHas BHHMaHHio HHxaxejia xexHHKa, no Bcefl bh;];hmocxh, nosBOJiaex yjiyHinnxb 
nojiyieHHyio b flaHHyio paGoxe oii,eHKy, ho npn 3xom ona ocxanexca xojibko cyGsKcnoHeHi^HajibHoii. 
JXjis nojiyneHHJi nojiHHOMHajiBHofi oi];eHKH, ecjiH ona cymecxByex, xpe6yioxcji HOBbie mjieii 

H MeXOflbl. 

B Hanajie npe^cxaBjienHoro pemenHH npn HcnojitaoBaHHH xeopeMbi IIlHpmoBa no^cjiOBa 
6ojiBmoro cjioBa ncnojibsyioxcH npeac^e Bcero b KanecxBe MHoacecxBa neaaBHCHMBix sjieMenxoB, 
a He naGop xecHo cBaaaHHtix ^pyr c ^pyroM cjiob. J^ajiee HcnojibsyexcH xo, hxo GyKBbi 
BHyxpH noflCJiOB pacKpameHBi. HpH ynexe pacKpacKH xojibko nepBbix 6yKB no^cjioB 
nojiynaexca 3KcnoHeHn;HajiBHaa on;eHKa. Hpn paccMoxpeHHH pacKpacKH Bcex 6yKB no^cjioB 
onaxB nojiynaexcs BKcnoHenxa. JXannhm (|)aKX HMeex Mecxo H3-3a nocxpoeHHS HepapxanecKOH 
CHCxeMbi no;];cjioB. He HCKjiioHeHo, hxo noflpoGnoe paccMoxpeHHe npHBefleHHofl cbhsh 
noflCJiOB BKyne c H3Jio>KeHHt.iM Bbime pemeHHeM hosbojikx yjiyHinnxt nojiyneHHyio oiJ,eHKy 

BnjIOXL. flp nOJIHHOMHajIBHOH. 

HnxepecHO xaxace nojiynnxb oi],eHKH na Bticoxy ajire6pt.i Ha^i; MHoacecxBOM cjiob cxenenn 
He BBime cjiojkhocxh ajire6pt>i (b aHrjiossbiiHOH jiHxepaxype Pl-degree). B paGoxe |1] 
nojiyneHBi 3KcnoHeHii;HajibHL.ie on;eHKH, a^jia cjiob, hc 5ibj[3K)ili;hxc5i jiiiHeiiHOH KOM6HHaii;HeH 
jieKCHKorpacJ)HHecKH MenbiuHx, b paGoxe |24] nojiyieHbi Hafl3KcnoHeHii;Haj[i>Ht.ie oii;eHKH. 

FjiyGoKiie h^ch opiirHHajitHbix pa6ox A. H. IIIiipmoBa [H [2], Bocxo^5iiu;He k xexHHKe 
3jiHMHHai];Hn B ajircGpax JIh, Moryx oxasaxtca HpesBtiHaliHo nojiesHtiMH, b xom HHCJie 
H fljrs yjiynmeHHa on;eHOK, necMoxpa na xo, hxo oi^chkh na Bbicoxy, nojryHeHHbie b 3xhx 
pa6oxax, hbjijiioxch xojibko hphmhxhbho peKypcHBHbiMH. 
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